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I. INTRODUCTION 

The Nonlinear Schrodinger eqnation (NLS) in two space dimensions interacting 
with Abelian Chern-Simons gange held (the Jackiw-Pi model) has attracted mnch at¬ 
tention recently dne to the beantifnl strnctnre of the static limit, admitting N-soliton 
solntion^. After qnantization these solitons become qnasiparticles with an arbitrary 
statistics, called anyons, while the Chern-Simons gange held is interpreted as the ’’sta¬ 
tistical” one. The anyons have an interesting application to the planar physical phe¬ 
nomena as the Qnantnm Hall Ehect^’^. Very recently attempts to stndy the generalized 
statistics of many particle systems in U-l dimensions and the relation with 2-1-1 dimen¬ 
sional anyons were done^“®. For conhgnrations depending of the one space direction ( 
the lineal theory), the rednced theory describes U-l dimensional NLS, interacting with 
an Abelian BF gange held. Dne to the pnre gange form it is possible to exclnde this 
held from the gange invariant description. However, since in one dimension NLS is an 
integrable system, an interesting problem of the relation between a long-range strnctnre 
of the statistical gange held in two and integrability in one dimensions arises. 

In the present paper we show that the ’’trivial” gange held plays the crncial role 
for integrability of the NLS model. Namely, the homogeneons statistical gange held is 
identical to the spectral parameter for the NLS linear problem. Onr constrnction is 
based on a mapping of the rednced Jackiw-Pi model to non-Abelian BF gange theory. 
This mapping has to appear as the gange hxing condition corresponding to the classical 
Heisenberg spin model. Then, the matter held has geometrical meaning of coordinates 
in tangent to the spin phase space plane, while U{1) gange symmetry relates to the 
rotation in the plane. 

In Section I we consider dimensional redaction of the Jackiw-Pi model. We hnd 
representation of the model as a U{1) invariant gange hxing condition of non-Abelian 
BF theory. This allows ns to constrnct an inhnite hierarchy of associated integrable 
models and the related gange hxing constraints. In Sec.H we show that the model has 
natnral interpretation as the gange theory of continnnm Heisenberg model dehned on 
the sphere or hyperboloid according to the sign of nonlinearity. Then, we 

derive the associated Heisenberg and moving frame hierarchies. Sec.HI is devoted to 
17(1) gange invariant description of integrable time hierarchy in the BF theory context. 
We show that B held plays the role of sqnared eigenfnnctions for the Zakharov-Shabat 
linear problem. In terms of the recnrsion operator eigenvalne problem, the hierarchy 
of constraints is related to the evolntion hierarchy and higher Poisson strnctnres. In 
Conclnsion we discnss the chiral solitons for odd members of the hierarchy and some 
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open problems. 

II. THE JACKIW-PI MODEL IN 1+1 DIMENSIONS 

The Lagrangian of 2+1 dimensional Nonlinear Schrodinger model interacting with 
Chern-Simons gange held is^, 

C = ( 2 . 1 ) 

where '0 = '^(rri, rr 2 , t) is complex matter and = A^{xi, X2,t)j (a^ = 07172 ), is a 
17(1) Abelian (statistical) gange held . Here, — f^M 7 denotes the covariant 

derivative, g and k are the self-interaction and the Chern-Simons conpling constants 
respectively. The related Enler-Lagrange eqnations of motion are, 

tDo'i/'+ (D^ + i 72)'0 + 25 f|' 0|^'0 0 , (2.2a) 

e'idiAj = ( 2 . 26 ) 

doAi - SiAq = - ipDjil;). ( 2 . 2 c, d) 

In the special case when the conpling constants connected by the relation g = the 
static conhgnrations of this model are snbject to the self-dnal Chern-Simons eqnations^. 
The last one admits the linear representation^ and has been related to the Lionville 
model with N- vortex/soliton solntions^. However, there is no evidence that dynamics 
of these solitons according to eqs.(2.1) is also integrable. Recently®, the integrable 
dynamics of the Chern-Simons solitons has been described by the Davey-Stewartson 
eqnation, being considered as the 2+1 dimensional extension of the NLS. Fnrthermore, 
it is shown below that model (2.1) rednced to 1+1 dimension is also integrable. The 
corresponding soliton dynamics snbject to the NLS. 

Let ns consider the bonndary as a rectangle on the plane. Then, the bonndary 
dynamics of (2.1) is described by the 1+1 rednced model. For X 2 independent part we 
obtain the Lagrangian, 

C = - Do^fA) - (2.3) 

where B = A 2 is the gange held component in the compactihed direction, and = 
d^Ai, — diyA^, (g = 0,1). For the vanishing matter held '0 = 0, this Lagrangian 
rednces to a pnre Abelian BF theory and the model (2.3) can be considered as the 1+1 
dimensional BF ganged NLS. Dne to the non-propagating character, the gange held can 
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be eliminated from (2.3). Nevertheless, as we can see below, (2.3) is equivalent to the 
classical spin model and the statistical gauge potential carries an important information 
about spectrum of the model. Moreover, when '0^0, the model (2.3) still is the BF 
theory, however for a non-Abelian gauge group in a special gauge. 

To proceed hrst we redehne gauge potentials (and the related covariant derivatives) 
as, 

Wo = Ao-]^B\ VFi=Ai. (2.4) 

Then, the Lagrangian (2.3) becomes, 

C = "-{'iPDo'iP - + A£, (2.5) 

where, 

AC = ~diB^, ( 2 . 6 ) 

6 

is the total derivative (which becomes nontrivial at the boundaries) and does not in¬ 
fluence equations of motion. The Euler-Lagrange equations for (2.5) are given by the 
system, 

iDoV'+-Di'0 + 25 f|' 0 p '0 = 0, (2.7a) 

doWi - diWo = 0, (2.76) 

and 

diB^~\^f, (2.8a) 

doB = - i’Di'ijj), ( 2 . 86 ) 

where — il2W^. Eqs.(2.7) are exactly gauged NFS model (or the Heisenberg 

model in the tangent space form), while (2.8) are the dehning relations for B (the trace 
of higher dimension) in terms of the charge conservation law. Hovewer, Eq.(2.8a) - the 
reduced Chern-Simons Gauss law - is more fundamental then (2.8b). Indeed, Eqs.(2.7) 
imply the charge conservation law, 

+ ff?i((-Di'0'0 -'0T>i'0) = 0. (2.9) 

Then, Eq. (2.8b) arises from the Gauss law (2.8a) and (2.9) in a similar way to the 
Ghern-Simons theory^. In other words, Eqs.(2.8) guarantee the existence of hrst con¬ 
servation law for (2.7). In fact, the dual current due to (2.8) is 

conserved. 
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The above systems (2.7) and (2.8) are invariant nnder U{1) gange transformations, 

■0 —>• '0e*“, Ao ^ Ao + 2c)oa, Ai ^ Ai + 2c)ia, (2-10) 

preserving B field: B B. From Lagrangian (2.5) we recognize that B held plays 
the role of Lagrangian mnltiplier for the zero strength constraint (2.7b). Moreover, 
according to the one dimensional Chern-Simons (or better to say the BF) Gauss law 
(2.8a), creation of a particle at a point on the line, where ^ 0, is accompanied with 
creation of the local B held gradient. This gradient represents one-dimensional analog 
of the statistical magnetic held. For vanishing '0 the B held is homogeneous, and dehned 
up to the additive constant. Integrating (2.8a) along the xi line, then we obtain, 

1 

B{+oo) — B{—oo) ——— / (2T1) 

^ J — OO 

For nontrivial charged conhgurations (solitons) the r.h.s do not vanish and the related 
B held takes the shift on the boundaries. 

Actually, Eqs.(2.7) is the 1-1-1 dimensional analog of the Ginzburg-Landau equation 
for superconductor in the vanishing electric held, E = d^Ai — diA^ = 0. An important 
consequence of the gauge invariance (2.10) is that (2.7) is independent of the local 
gauge transformations parameter a = a(a:,t). This property can be considered as a 
generalisation of the well known isospectrality condition for integrable systems. Indeed, 
the second equation (2.7) allows one to exclude the potentials Aq and Ai by U{1) gauge 
transformation. Due to (2.7b) a real function t) exists such that = 2c)^(/). Then, 
we dehne new T = subject to the Nonlinear Schrodinger equation, 

ido^ + + 2g\^\‘^^ = 0 . (2.12) 

This equation admits an inhnite number of conservation laws. The conservation law 
(2.9) in terms of T is the hrst member of this hierarchy, having physical meaning of the 
charge (number of particles) conservation. 

In traditional approach the NLS integrability follows from the Lax pair or the 
Zero Gurvature representation with a constant spectral parameter, of which the NLS is 
independent (isospectrality)^. This fact can be explained now as the consequence of a 
77(1) gauge invariance of the gauged NLS (2.7). 

The integrability of (2.7) becomes transparent if we represent the self interaction 
term in a pure geometrical way. Thus, for redehned helds, 

Vo = Wo + 4g\'iP\^,Vi^Wi, (2.13) 
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Eqs.(2.7) have the form, 

IDq'iP + -D^'0 = 0, (2.14a) 

doV^-d^Vo = -^9dM\ (2.146) 

of the linear Schrodinger equation (the quantum mechanics) in the electric held propor¬ 
tional to the gradient of the local particles density. The system (2.14) is equivalent to 
the following one, 

DqiIj = (2.15a) 

[Ho, Hi] = 25f('0'0o - '0o'0). (2.156) 

with the constraint, 

•00 = tHi'0. (2.16) 

The above Eqs. (2.15) dehne constant curvature surface with the scalar curvature 

equal to coupling constant g. In fact, we can show that if '0 and '0o are the zweibein 
helds, then the hrst equation (2.15a) is the torsionless condition for dehnition of the spin 
connection, identihed with the Abelian gauge held V^j,. Then, the the second equation 
is just the constant curvature condition, 

R = g, (2.17) 

where R is the scalar curvature, written in terms of zweibeins and the spin connection. 
The model (2.17) is known as the Jackiw-Teitelboim lineal gravity^^, while (2.15) as the 
BE gauge theoretical formulation of it in terms of the Einstein-Cartan variables^^. The 
system (2.15) appears as the Euler-Lagrange equations for the BE action (4.1), discussed 
in Sec.IV. Depending on the sign of g the corresponding BE theory has non-Abelian 
SU{2),{g = 1), or SU{1, 1), (g = -1), gauge group. Thus, the reduced Jackiw-Pi model 
(2.14) is dehned by gauge condition (2.16) of Euclidean BE gravity characterizing a 
surface of the Jackiw-Teitelboim model. 

The mapping (2.15), (2.16) allows us to construct an inhnite hierarchy of gauge con¬ 
straints, compatible with (2.16), and describing the hierarchy of corresponding equations 
of motion. Eq.(2.15b) can be written in the form, 

doVi - di{Vo + 4ig j ('i/i'^o - = 0, (2.18) 

Then, as in the above procedure from (2.7) to (2.14), but going in the opposite direction, 
we introduce the flat Abelian gauge held, 

ITo = fd) + Ug [ (^d^o - ^od^)(x')dx'), Wi = Vi. (2.18) 
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Then, in terms of redefined covariant dirivatives, (2.15) becomes, 

= Di'ifjQ + 2gtl; j - i)o'Ll^){x’)dx '), 


(2.19a) 


doWi - diWo = 0 . 


(2.196) 


Of conrse, for nonsingnlar gange confignrations we can always exclnde field Bnt, 
we find it is important to keep this gange field, playing the role similar to the spectral 
parameter in the nsnal Inverse Scattering approach. Then, model (2.12) written in 
terms of T, is explicitly invariant nnder the local gange transformations (2.10) and the 
gange invariance plays the role of generalized isospectrality. Below we show how far 
this analogy can be continned. It is convenient to write Eq.(2.19a) and its complex 
conjngate in the matrix form. 


( Dof \ ^ f Di+ 2gi; _ -2gi; \ (to\ 

V J V r'^ + ‘^9'^) V^0y ’ 


( 2 . 20 ) 


Then, the constraint (2.16) can be written as, 

where we introdnced the integro-differential opreator 


't 


A 


^ -2gtl; Di+ 2gtl; J® 'll; 


( 2 . 21 ) 


( 2 . 22 ) 


For skew-symmetric linear operator (see Sec.IV) we have to consider the integral part 
defined by the symmetric bonndaries 

j f{y)dy = ^{j f{y)dy + j f{y)dy). (2.22a) 


The above operator A represents the 17(1) gange covariant extension of the AKNS 
operator £ In fact. 


A 


C + ^W^I, 


(2.23a) 


where 

^ V -‘^9^ r'4^) ' 


(2.236) 


Here I is the identity matrix, and A is covariant nnder 17(1) gange transformations 
(2.10). Then, ganged NFS (2.7) has the form. 


ias 


\Do^) 



(2.24) 
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This representation snggests how to create the whole hierarchy of eqnations associated 
with ganged NLS (2.24). We dehne the set of constraints, 


(t 


(n) 

0 

(n) 

0 



(2.25) 


labeled with an integer n. As mentioned above, (2.15) describes a classical motion 
for the BF theory, with '0o playing the role of Lagrange mnltipliers. The arbitrariness 
of '00 gnarantees the general time reparametrization invariance of the theory, while a 
specihc choice for '0o dehnes the corresponding evolntion. The hierarchy (2.25) can 
be considered as the hierarchy of gange hxing constraints of BF theory. Then, every 
constraint is related to the nonlinear spin model (Heisenberg hierarchy), being jnst the 
tangent space representation for the model. 

The hrst few constraints from (2.25) are given by. 


('t 

w 


(0) 

0 

(0) 


0 


('t 

w 


( 1 ) 

0 

( 1 ) 


0 


(t 

V'0 



(t 

V'0 


(3) 

0 

(3) 


0 


= -icTs 



(2.26) 


(2.27) 

+ 2^1000 \ 

Df0 + 2(7|0p0yl’ 

(2.28) 

Dfip + 6(7 \ 

Dfip + 6g\ip\‘^Diip J ■ 

(2.29) 


Thns, for every n, the corresponding ip 


(n) 

0 


dehnes the evolntion eqnation. 


ias 


\DoJJ 




[^o„, A>i] - 0. 


The hrst members of the hierarchy, (n = 1, 2, 3), are. 


(2.30a) 

(2.306) 


Do,iP - DiiP ^ 0, (2.31) 

iDo^ip + Djip + 2g\ip\‘^ip ^ 0, (2.32) 

Do^ip + Dfip + 6g\ip\‘^Diip ^ 0. (2.33) 


This U{1) ganged hierarchy has the hat Abelian connection (2.30b). It means that 
every eqnation (2.30) in terms of the gange invariant variables, likes (2.12), rednces to 
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the form of the usual NLS hierarchy. Indeed, due to (2.30b) for any n there exists a 
real function such that, 


11^1 = II^o„ = 9o„an 


(2.34) 


Therefore, for the gauge invariant helds 4/ = the hierarchy (2.30) reduces to the 

NLS one. 


«(J3 


do 

do 


= CJ 


(n) 

0 

(n) 


(2.35) 


However, the gauged hierarchy (2.30) contains much more information in the addition. 
As we show in the next section, restricted on the subclass of constant gauge potentials. 


Eqs.(2.30) provide the linear problem for any of Eqs.(2.35). Moreover, every equation 
of the hierarchy (2.30) can be reduced dimensionally from the related 2+1 dimensional 
Chern - Simons gauged theory. 


III. ABELIAN GAUGE THEORY FOR MOVING FRAMES HIERARCHY 

The hierarchy of Abelian gauge theories described in the previous section by (2.30), 
is equivalent to the system (2.15) with the hierarchy of U(l) gauge invariant constraints 
(2.25). But system (2.15) is the constant curvature surface equation written in the 
Einstein-Cartan zweibein formalism. As we see below, every constraint (2.25) supplied 
to (2.15), dehnes an evolution equation for three dimensional unit vector s, and can be 
considered as nonlinear a model on the sphere or pseudosphere 

Let us consider the Lie group G with element (7, generated by Ti{i = 1,2,3) , 
satisfying to the relations, 

+ iCijkTk, (3.1) 

where hij and Cijk are the Killing metric and the structure constants of the algebra 
respectively. We dehne an orthonormal trihedral set of unit vectors 11^ in the adjoint 
representation, 

(iii, r) = n^Tfc = hkin’^T^ = grig~^, (3.2) 

The Killing metric hij and structure constants Cijk — —Cjik dehnes correspondingly 
the inner and the cross product between three-vectors, transforming in the adjoint 
representation: 

(rii, iij) = hij, 

Ilj A Ilj Cijk^k- 
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Given smooth vector fields = ni(rr, t) define at each space x and time t three vec¬ 
tors (ni(rr, t), 112 ( 3 ^ 5 1 ), 113 ( 0 :, t)) forming an orthonormal basis, called the moving frame. 
The chiral cnrrent, 

(3.4) 

in the adjoint representation defines rotation of the moving frame by eqnations, 

(3.5) 

where, 

^j ^(.Jfi^j^jik-) (^’ 6 ) 

and . Matrices have the symmetry, 

and are antisymmetric for SU(2) case hij = 5ij , Cijk — ^ijk- 
The cnrrent (3.4) satisfies the zero cnrvatnre eqnations, 

d^Ju — -|- [J^, Jjy] = 0, (3-7) 

as compatibility conditions for the system (3.5). We decompose matrix to the diag¬ 
onal and off diagonal parts, jI^ \ parametrized in the form^^. 



where g = -|-1 for s'u(2), and g = —1, for s'u(l, 1) cases. Then, in the adjoint represen¬ 
tation (3.6) we have the form, 

T / 0 

(5 -V. 0 ■ (3.9) 

- 49 (^^) 0 / 

The moving frame rotates according to eqnations, 

d^ni = -l/2V^eijnj - gllif^s, (3.10a) 

d^s = Uifj,ni, (3.106) 

where For vector s = ns the constraint, {s{x, t), s{x, t)) = ^ 33 , 

is valid, where hs 3 = 1 , which means that it belongs to two-dimensional sphere S'^ 
or psendosphere correspondingly. Two vector fields (ni(a:), n 2 (a:)) at each {x,t) 
form a basis in the tangent plane to the corresponding manifold for s{x). However, by 
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eq.(2.3) vectors ni and 112 are not determined nniqnely. If we choose the other pair 
n'^, n 2 , as the rotated basis, 

= cosctni — sinQ;n 2 , = cosan 2 + sinani, (3-11) 

the related and '0^ are the 17(1) gange transformed helds, 

= + = ( 3 . 12 ) 

The expression (3.11) snggests ns to introdnce a complex basis n_|_ = ni +fn 2 ,n- = 
ni — m 2 , satisfying the following relations, 

(n±,n±) = 0 , (n+,n_) = 25 f, (3.12a) 

n_(_ X s = m_(_, n_ x s = —in.-, n_ x n_|_ = 2igs. (3.126) 

Then, we get, 

•0^ = l/2K^(a^s, n+), = l/2K‘^{d^s, n_). (3.13) 

In terms of (3.12) the moving frame system (3.10) becomes, 

Dfj,n+ = -2g'il)^s, (3.13a) 

d^s = '0^n- + '0;rn+, (3.136) 

where — ij2Vfj_, is 17(1) covariant derivative. This form is explicitly invariant 

nnder the local 17(1) gange transformations 

n+ ^ e*“n+ , n_ ^ e“*“n_ , V), ^ V), + 2d^a , s s, (3.14) 

that are jnst the local rotations in tangent to the vector s plane. From (3.13) follows 
that and '0^ helds snbject to the system (the integrability condition). 


Doi; = T'l'i/^o , (3.15a) 

[Do, Di] = 2g{%[)%l)o - '00'^), (3.156) 

where we skip the index for '0i held. This system coincides with (2.15). Moreover, 
the rednced Jackiw-Pi model (2.7) corresponds to the constraint (2.16). Under this 
constraint, the moving frame evolntion (3.13) describes, 

Donj^ =—2giDi'iljs, Din^ ——2giljs, (3.16a, 6) 
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9os = , 9is = '0n_ + '0n_|_, (3.16c, d) 

Differentiating (3.16d), 

dfs = Di'ipn^ + Di'ipn^ — 4g\qi\‘^s, (3-17) 

we immediately see that vector s satisffes the Landan-Lifshitz eqnation for continnnm 
isotropical Heisenberg spin chain model, 


dos = s X 9^8, (3-18)) 

where s belongs to the 2-dimensional sphere 5”^ (g = 1)^^, or psendosphere (g = 
-1)^®. The above resnlts illnminate the role of the Chern-Simons statistical gange held 
in the Heisenberg model. Two components, Hq, Ai are jnst the gange degrees of freedom 
of rotation in the tangent plane, while the B = A 2 component is defined by relations 

diB = -^(ais)2, (3.19a) 

4gk 

doB = ic)is(9?s A s), (3.196) 

k 

The right hand side of Eq.(3.19a) is the energy density of the model (3.18). As in Sec.H, 
(see Eq.(2.8a)), the local magnetic energy is always accompanied with the gradient of 
the B held. From above Eqs.(3.19) it is evident that the total magnetic energy is 
conserved qnantity, defining the asymptotic jnmp 

B{-\-oo) — B{—oo) =/ idis^dx. (3.20) 

As shown in Sec.H, the gange constraint (2.16) is the second member of the infinite 
hierarchy of the gange constraints (2.25). To show that to every constraint from this 
hierarchy corresponds the moving frame system and the spin model we can proceed 
analogonsly to the case (2.18-19). After redefinition (2.18) the system (3.13) becomes, 

( Sn! ) = do ) + ( - A ) 

OqS '0on- + '0on+ , diS = '0n_ -|- '0n+. (2.23) 
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The tangent space vectors evolntion (3.21) is convenient to be rewritten as, 


( ^on+ \ 
V^on-y' 


-2(7 


/^s-n+ 

V 


] f to 

s-n--f"'^J \i;o 


5 


(3.24) 


Then, we note that compatibility condition for system (3.22-24) is given by (2.20). 
Moreover, the hierarchy of the gange hxing constraints (2.25) prodnces the hierarchy 
of the moving frame evolntions (3.24) and the related higher order analogs of the NLS 
(2.30). This moving frame hierarchy generates also the higher order analogs of the 
Heisenberg model (3.18). To follow this direction we need to extract information only 
in terms of the spin vector s. First we note, that the integrand of (2.21) 


2ig{i;i;o - 'ipo'ip) = s{dos A ^is). 


(3.25) 


is the topological charge density for the spin conhgnration on the space-time worldsheet, 
or the volnme element on the spin phase space. Then, we obtain the recnrsion relations 
for the evolntion eqnations, 

ao„s = [s A s(ais A .)]ao„_iS, (3.26) 

where integer n describes the n-th member of the hierarchy. The hrst few evolntions 
are given by, 

9oS = 9is, (3.27) 

9oS = s A dfs^ (3.28) 

9oS = s A s A — -(9is9is)9is. (3.29) 

2 

The moving frame approach allows ns to introdnce also the traditional zero cnrva- 
tnre description. To proceed, we need to hnd an appropriate redaction for (3.7-8). We 
note that the NLS (2.12) can be considered as a qnantnm mechanics with the poten¬ 
tial fnnction proportional to the probability density, U{x) = T(a:)\l/(a;). Bnt, as well 
known^®, the Galilean boosts representation in the qnantnm mechanics makes nse of 
1 -cocycle ui: 

G(n)T(a:) = - vt), (3.30) 

with the following condition to satisfy. 


u}i{x — ut]v) — u}i{x]u + v) + ui{x] u) = 0, {modZ), 
where U{v) is the nnitary operator shifting the coordinates as 

U{v)xU~^{v) — X — vt. 


(3.31) 


(3.32) 
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Then, condition (3.31) ensnres the gronp mnltiplication for U{y) operators: 

U{v)U{u) = U{u + v). (3.33) 

The qnantity uji{x; v) is given by 

2 

27rcdi(a:; n) = — (3.34) 

and provides the local phase transformation for the wave fnnction. Thns, the NLS 
model (2.12) is invariant nnder the Galileo transformations 

X ^ x' — X — vt, t ^ t' = t, (3.35a) 

2 

T —> \l/'expf(^t'+ ^x'). (3.356) 

This invariance can be interpreted in two ways. First, that the space-time transforma¬ 
tion to constant velocity moving frame shonld be accompanied with the phase transfor¬ 
mation for the ’’wave fnnction” T. This is the 1-cocycle representation as given above. 
In the second interpretation we can say, that any one-parameter gronp {v = const) 
of the phase transformations (3.35b) becomes the symmetry of the model (2.12) if we 
transform coordinates to the moving frame with velocity v according to (3.35a). The 
second interpretation has the flavor of the U(l) Abelian local gange theory with the 
gange potentials transforming on the constant valne. In fact, the linear in space and 
time phase transformations (3.35b) satisfying (3.31) generate a snbgronp of the Abelian 
gange transformations, shifting Wi potential (2.4) on the constant velocity. This is why 
it is of interest to consider the restricted class of the constant gange potentials. As 
shown below they are associated with the spectral parameter in the linear problem for 
the NLS. Therefore, in onr approach the whole strnctnre of the linear problem with the 
spectral parameter has the origin from the U{1) gange potential Wi, while the related 
phase is the linear f un ction of space and time. 

Onr idea has been snggested by some known facts from the theory of snper condnc- 
tivity and the held theory with cnrved momentnm space^®. For the snpercondnctor 
in the gronnd state nnder the external electromagnetic action the generalised canon¬ 
ical moment um p = mv -|- e/cA vanishes. This fact provides the relation between 
snpercondncting electrons velocity and the vector potential, 

V = —e/cA, (3.36) 

restricting Abelian gange transformations to the London gange 

divA = 0. (3.37) 
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In one space dimension this gange leads to the constant gange potential A. Fnrthermore, 
for constant potentials transition to the new momentnm, 

c^, (3.38) 

generates the gronp of parallel transitions in the moment um space. For the non - rel¬ 
ativistic theory it is jnst the Galileo transformation. Finally, as was shown recently 
the spectral parameter arises as the constant valned statistical gange held of compact- 
ihed 2-1-1 dimensional theory. All results mentioned above suggest that the spectral 
parameter is deeply connected with Abelian gauge held. 

Let us consider the moving frame equations (3.16), 

=—2giDi'il;s + Din^ =—2g'i(;s, (3.39a, 6) 

9oS = fF>i'0n_ — , 9iS = ^|;n_ -)- (3.39c, d) 

written in terms of the zero strength gauge potential IF^, (2.13), 

9olFi-^ilFo = 0. (3.39e) 

The general solution of the last equation is of the pure gauge form given in terms of the 
real function, 

= d^a. (3.40) 

For a restricted class of functions, linear in x and t, we put 

IFi = 2A = const. (3-41) 

In this case the NLS (2.7a) becomes, 

idoi^ — 2iXdi'ijj + d'l'ip + 2g\'ip\'^'ip = 0, (3.42) 

where we have to choose IFo = l/21Ff = 2A^. In the constant velocity frame , v = —2A, 
this equation acquires the normal form (2.7a), 

ido>'ll)del'll) + 2g\'ip\^ 'll) — (3.43) 

and any A dependence disappears. However, it remains in the corresponding moving 
frame system (3.39) having the form, 

/n+\ jiX 0 -2g'f\ / n+A 

9i/ j n_ = j 0 —iX —2gil; j n_ , (3.44a) 

\s/ \^p tl: 0 J \ s J 
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/ n_|_ \ /+ 2ig\tl;\‘^ 0 —2igdi/X + 2gXX\ f ^+\ 

9o' I n_ j = I 0 — 2ig\X\‘^ 2igdi'X + ‘^9^4’ ) ( 1 • (3-446) 

y s y \—{idi'4> + Xi’) — o / \ ® / 

In the normal basis ni, 112 , s, we have eqnations 

/ni\ /O -A -gUi\ /ni\ 
n 2 = A 0 -gU 2 ^2 (3.45a) 

\s J \Ui U 2 0 J \ s J 

/niA / 0 X‘^-2g\X\'^ gdrU 2 + gXUi A / ni A 

^0' n2 = -X‘^ + 2g\X\‘^ 0 -9dvUi+ gXU2 n2 , (3.456) 

\s J \-dvU 2 -XU 1 dvUi-XU 2 0 /Vs/ 

where we dehned (see eqs.(3.10)) Ui = 23fJ('iA), t /2 = 2X{X)- The hrst system (3.45a) 
in terms of the gange invariant helds as in (2.12),(A = 0), has the form of the Frenet 
eqnations for the cnrve. This snggests the idea to interpret the gange invariant form of 
(3.45) as a moving cnrve eqnations^^. Bnt dne to the essential role of the space-time 
cnrvatnre which is proportional to the nonlinearity and can be negative this analogy 
doesn’t seem so nsefnl. In opposite, we hnd that a more general setting - the moving 
frame method is going deeply in to the problem and natnrally illnminates the gange 


theoretical strnctnre of it. 


Note that the potentials choice. 


IFi = 2A, Wo = 2A2, 


(3.46) 


which allowed ns to remove the A dependence from eqnations of motion (3.42) is exactly 
the 1-cocycle (3.35b). To reprodnce the nsnal Lax type representation we nse the spinor 
representation of system (3.45), and according (3.6) we have 2x2 Zakharov-Shabat 
spectral problem 

Ji=+iAa 3 +(° (3.47a) 

Jo = icrsl-Y +9\Xf]+(^ ° • (3.476) 

for the NLS (3.43). 

To derive the hierarchy of moving frames, providing the linear problem for any of 
eqnations (2.35) we need to modify the above Galileo transformation approach (3.42- 
43). Let ns hrst rewrite the hierarchy (2.30) for the constant potentials IF^, denoting 
IFi = 2A: 

(_y)+(I)= it)=t{t) (I)= 
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^" ( ^ ) + £ ( " ) ^"-‘-390. ( ^ ) + £" ( ^ ) . (3.48) 

where [£, XI] = 0 is used. Choosing the gauge potentials hho„ = 2A"^, and collecting all 
terms with the time hierarchy derivatives in the left hand side we get, 



(3.49) 


Dehning the new time hierarchy {to'■••jj such that, 



we obtain for (3.49) the usual NLS hierarchy form (2.35): 


iasdo^^ 




(3.50) 


(3.51) 


The matrix structure of the above time hierarchy transformation can be realized by the 
upper triangular matrix 


/t[\ 

t2 


/I 

ai2 

tll3 

0-ln \ 


/ii\ 


0 

1 

^23 

■■ CL2n 


t2 

t3 

= 

0 

0 

1 

O'Sn 


h 



0 


0 






Vo 

0 

0 

1 j 


\tn/ 


while the time derivatives transform by the lower triangular matrix 


/do,\ 


/I 0 0 .. 0\ 


/do'\ 

^02 


0-12 1 0 .. 0 


9o' 

^03 

= 

ai3 0^23 1 ..0 


9o' 



: : : .. 0 





V Q-ln tt2n 0,3n ■■ 1' 


Wo;/ 


(3.52) 


(3.53) 


with coefficients chosen as an appropriate polynomial of the parameter A. 

By using the moving frame formulas (3.21-24) we can construct the hierarchy of 
moving frames, which provides also the linear problem for any member of the hierarchy 

(3.51). For the space part we have, 

/.Din+\ /O 0 -2g'ip\ / n+A 

D^n_ = 00 -2gi, n_ , (3.54) 

\ dis J \' 0'0 0 /\®/ 
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in which Wi = 2A gives us the space part of the moving frame system and is universal 
for the whole hierarchy 



0 -2g^\ 

-i\ -2gijj 

0 J 



(3.53) 


For the time evolution we start from the system for the tn time: 

’^o„n+\ /s-n+/^^ ^+rt 

Vn 

9n„s 


^o„n_|=- 2 ( 7 l n.f'iP s - n_1 ( 
b s / \ -.^n_ 


2g - 2g^^+ 

After substituting the value lFb„ = 2A"^ and (2.25), we have the expression 


a, 


0, 



— 2g I n_ '0 s — n_ '0 | A"' ^ ^ 


— 7y-n_ 
2s 


Then, for the transformed time hierarchy using (3.50) and (3.55), we get 




(3.54) 


(3.55) 



tA^(3 


(1 0 
2 ^) 0 -1 
\0 0 




2(7 


s — n_|_ ijj 

n_ 


-^n_ 
2s 


s — n- Ip I {A"' ^ 



(3.56) 


The system (3.53), (3.56) is the moving frame system for the hierarchy (3.51). The 
space part is linear in the spectral parameter A, while the time part contains the n-th 
degree polynomial for the n-th member of the hierarchy. To reproduce this dependence 
in the explicit form, according to (2.23a) , we decompose the gauge covariant operator 
A = T -|- 21. As a result we have the moving frame evolution in terms of the usual 
AKNS operator £, 


do 


n 



= tA"(3 


(1 0 
2 ") 0 -1 
\0 0 




2(7 


s — n_|_ tp 
n_ Pp 

— 

2s 



n—1 k—1 

EZ 

fc—1 0 


n \ k — 1 


}A' 





(3.57) 
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For n = 2 these moving frame system coincides with the one (3.44) obtained by the 
Galileo transformations. This suggests one to construct the hierarchy of the Galileo 
transformations with the properly dehned time hierarchy for any of equations (3.51) 
and the 1-cocycle conditions. 

IV. BF GAUGE THEORY AND THE TIME HIERARCHY 

In the present section we map the integrable hierarchy from Sec.Ill to the non- 
Abelian BF gauge theory. The BF theory is described by the action 

S=^j^Tr(BF), ( 4 . 1 ) 

where, F — is the gauge curvature tensor in the adjoint representation of the ap¬ 

propriately chosen group, while B is the world scalar Lagrange multipliers, transforming 
according to the coadjoint representation^^. This model, formulated in terms of 2-form 
F, and the zero-form B for any 2-dimensional manifold E 2 dehnes the topological held 
theory^®. For the non-compact groups 5'0(2,1) and /S'0(1,1) it provides a gauge theo¬ 
retical formulation of the Jackiw-Teitelboim lineal gravity theories^^’^^’^^. This model, 
being the constant curvature theory, includes the world scalar Lagrangian multiplier 
held together with the Riemann scalar R and is a type of scalar-tensor theories or the 
’’dilaton” gravity. In the gauge formulation of the gravity theory one introduces instead 
of the metric tensor the Einstein-Gartan zweibeins and the spin-connection viewed 
as independent variables. Then, the diffeomorphism-invariance of the gravity theory 
becomes a part of the local gauge invariance. The matter '0 and the gauge held V from 
the Sec.II are just the zweibeins and the spin-connection helds^^, dehning the moving 
frames equations. The SU{2) and 5'17(I,I) with the compact Abelian U{1) subgroup 
in our case, correspond to the Euclidean gravity, with the local 0(2) rotations in the 
tangent plane, insted of the 0(1,1) Lorentz rotations. 

To describe the time evolution we suppose that S 2 = R x T. Then the action (4.1) 
is, 

kL r kL r 

S = / TrB{doJi - 9, Jo + [Jo. Jil)J"i “ ^ / r>-(B9oJi + Jo(9iB + [Ji, 

(4,2) 

where we integrated the second term by parts. In terms of (3.8) parametrization and 
with B held given by R = i(f>Qas + gcfxT- — the action becomes, 

S = 'y J -\- (/)9o'0 -t- ^(/>o9oVi - H)(fx, (4.3) 
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where the Hamiltonian density is given by, 

^ - ‘2igM) + Vo^{di(f)o + (4.4) 

and 7 is the renormalized coupling constant. Since the action is already in the hrst 
order form we can immediately write the canonical brackets^^: 

^{y)} = -5{x - y), {^(rr), (j){y)} = -5{x - y), 

7 7 

{Vi{x),(t)o{y)} = -5{x-y), (4.5) 

7 

The nondynamical Lagrange multipliers and Vq lead to the BF ”Gauss-law” 

constraints 

Di(j) + 2igtl;(j)Q = Q, Di^-2ig^(j)Q:^Q, (4.6) 

di(t)Q -t- = 0, (4.7) 

Due to the canonical brackets (4.5) the Gauss’s law constraints generate the SU{2) (g 
= 1), or SU{1, 1) (g = -1), algebra of the gauge transformations in the dynamical helds 
'0,'0 and Vi- Since Hamiltonian (4.4) is proportional to the constraints (4.6),(4.7) it 
is weakly vanishing H ^ 0. The above properties characterise any reparametrization 
invariant theory. 

We can partially solve constraints (4.6),(4.7) by integration of the last one 

/ X 

- %l)^) (4.8) 

Then, substituting to the hrst two (4.6), we get 

= Di(f) + 2g'i(; j {^cj) - %l)^){y)dy = (4.9a) 


= Di(l) - 2gtl; J - %l)(l)){y)dy = Q, (4.96) 

where we dehned the integro-differential operators M.. Gombined these two relations 
can be written in terms of U(l) gauge covariant A operator (2.22): 


fas 





(4.10) 


This means that the constraint surface of the BF theory is dehned by zero modes of the 
covariant A operator. In terms of the usual C operator (2.23) we have the relation 


C 




( 4 . 11 ) 
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which for the constant valned gange potential, like in (3.36), Vi = —2A, becomes the 
eigenvalne problem for the operator £: 


C 




(4,12) 


Comparing with the theory of solitons^^ show that onr world scalars (f) and (j) are very 
similar to the sqnared eigenfnnctions for the Zhakharov-Shabat problem. Moreover, 
the constraints snrface system (4.6),(4.7) is related to the Maxwell-Bloch eqnations^®, 
describing the propagation of pnlses throngh an inhomogeneonsly broadened and reso¬ 
nant medinm, where '0 is the electric held envelope, cf) is the polarization and is the 
excitation nnmber density. It wonld be interesting to illnminate the relation between 
last problem and the BF theory. 

We can express the action (4.3) in terms of the bilinear form. For any two complex 
fnnctions cf) and x vanishing at inhnities we dehne: 

/ oo poo 

{^X +(Px)dx = 2^ ^Xdx, (4.13) 

-CX) J —OO 

Then, the operator from (4.9) is skew symmetric with respect to this bilinear 

form 

< (/>, Mx >^ - < M(/>, X > (4.14) 

if for the integral part of M we nse the proper dehnition (2.22a). Another skew sym¬ 
metric operator is the immaginary nnit i — \/—l, 


< (p,iX >= - < i^,X > 


(4.15) 


In spite of the skew symmetry of these two operators, the prodnct 


TZ = iAl, 


(4.16) 


being the recnrsion operator, is not hermitian. This is dne to the noncommntativity of 
the operators. 


li,M]{4) = -iigii 



( 4 . 17 ) 


To derive the Hamiltonian dynamics for action (4.3) we introdnce the U{1) gange 
invariant variables. Representing potential Vi in a pnre gange form. 


Vi = 2dia{x), 


( 4 . 18 ) 
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for the gauge invariant B(x) (the magnetic held analog), 


= / B{y)dy, 


(4.19) 


the Poisson bracket (4.5) results from the following canonical bracket, 


{a{x),B{y)} =- S{x-y). 

7 


Dehning the 17(1) gauge invariant helds. 


(4.20) 


^ (j) = 


(4.21) 


for action (4.3) we get. 


S = -f + {V^oe*“(9i$ + 2ig^ / B) + c.c.}+ 


-(Vb - ‘2dQa){B + 
2 


After redehnition of the Lagrange multipliers. 


(4.22) 


Vo = Vb - 2doa, = '0oe*“, 


(4.23) 


the action is written only in terms of the gauge invariant dynamical variables 4/, 4/, $, $: 
A = 7 j[^dQ^ + ^dQ^ + {^oidi^ + 2ig^ j B)+c.c.} + ^Vo{B+W^-i^^}]. (4.24) 
We can solve the Gauss law constraint explicitly. 


B = -f(4/$ - 4/$). 


(4.25) 


Then the action is. 


S = -f ji^do^ + $^0^) - H, 


where the Hamiltonian in terms of the bilinear form (4.13) becomes. 


(4.26a) 


i7 = -7 < To, MipT >= 7 < M^To, T > 


(4.266) 


Here, the skew symmetric operator M is the noncovariant form of the M. operator (4.9): 


M^{^) = di^ + 2g^ j (T$ - T$)(y)(iy = 0, 


(4.27) 
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and coincides with the one introdnced by Magri^®. The Poisson brackets for U{1) gange 
invariant dynamical variables, 

{T(a;), $(y)} = -d{x - y), {T(a:), $(y)} = -d{x - y) (4.28) 

7 7 

generate the Hamiltonian eqnations given by, 

c>oT = {^,H} = -^-M-= Mv,(To), (4.29a) 

7 0$ 

c>0^ = {T, if} = - -^ = M^(To), (4.296) 

7 0$ 

or in terms of the recnrsion operator, R = fM, 

ido'^ = -ido'^ = R^{^o) (4.30) 

Thns, we can see the effect of introdncing the $ held, as the canonical momentnm con- 
jngate to the dynamical held T, is to eliminate the nondynamical Lagrange mnltipliers 
To Dne to the arbitrariness of these mnltipliers, by the recnrsion operator R, we 
can constrnct the whole hierarchy of the mnltipliers, 

= if^(Tf-')) = ... = i?^(Ti°)), (4.31) 

Then, the related actions, 

5^+1 =jj (Tao^+.T + Tao„+,T) - ii^+i, (4.32a) 

with the Hamiltonian, 

= -7 < >= 7 < (4.326) 

dehne the evolntion hierarchy 

= n+K’). = iTWl- (4.33) 

By skew symmetry property of the M operator we have the relations, 

= -7 < if(")(T{,°^),M($) >- -7 < if("-^)(T[,°^),Mif($) > = 

-7 < Mif2($) >=... = -7 < Mif'^($) > (4.34) 

or, 

ii^+i = 7 < fif("+i)(T{,°^), $ > = 7 < > = 
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7 < > = 7 < >, (4.35) 

where, 

$(n+l) ^ $(0) ^ ^ ,' 4 _ 3 g^ 

If the constraint snrface is dehned by the relation 

i?($(o)) = 0, (4.37) 

then it satishes to the constraints, 

i?2($(0)) = i?3($(0)) = ... = 0, (4.38) 

for any degree n. Moreover, the snrface (4.37) dehnes evolntion, 

ido,-^ = (4.39) 

while the higher degree snrface (4.38) generates the higher evolntion, 

ido^^ = (4.40) 

This jnst conhrms the evident fact , that the hrst member of the hierarchy (4.39) 
completely dehnes the higher evolntions. 

Hence, in the Hamiltonian interpretation, the canonical bracket (4.28) for the hrst 
member of hierarchy (4.39): 

4><">(!;)} = U(x - y), {f (x), *<")(!,)} = U(x - y), (4,41) 

7 7 

dehnes the higher Poisson brackets 

{4/(0:), = {<i^{x),W¥^iy)}Uix - y), 

7 

{T(o:), $(”)(//)} = {^{x), R^^^^'>{y)}-d{x - y). (4.42) 

7 

In addition, every Hamiltonian (4.35) corresponds to the higher integrals of motion 
for the model. Thns, the BF formnlation provides a natnral description of the whole 
integrable hierarchy. 

The above procednre can be extenden to the case of spectral parameter dependence, 
by rednction of the U{1) connection to the constant valne, as in Sec.H and HI. The 
details of calcnlation wonld be pnblished soon. 
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V. CONCLUSION 

The main ingredient of our consideration is the moving frame method. Historically 
, the moving frame idea has origin from mechanics where studying the rigid body 
motion, one gets a one-parameter frames family depending on time and completely 
characterizing the rigid motion. G.Darboux^® and E.Cotton^^ has generalized one- 
parameter frame to several parameters. The richness of the theory was demonstrated 
by E. Cartan^® {la methode du repere mobile) who successfully applied it to research in 
differential geometry. We End that this deep method is conceptually simple to study 
integrable models and the underlying gauge theoretical structure. 

In the recent study of the dimensionally reduced Jackiw-Pi model^“®, to produce 
dynamics for the B held, an extension of the Lagrangian was given and the chiral 
solitons, propogating only in one direction was constructed. From our consideration it 
is clear that the chiral solitons can be created by the odd members of the hierarchy 
with the odd dispersion. This fact is valid even for the linear approximation. Thus, for 
the NLS (2.32) the linear wave with the wave number k is propagating with velocity 
V — k, while the wave for —k is propagating in the opposite direction with the same 
velocity. On the contrary, for the next member of the hierarchy, Eq.(2.33), both waves 
with -\-k and —k are propogating in the same direction with velocity v = k"^. The similar 
structure is valid also for solitons. This shows that the chiral solitons in our approach 
belong to the odd members of the NLS hierarchy. 

In conclusion, as shown in the present paper, the U-l dimensional projection of 
Chern-Simons gauge interacting theory contains the hidden hierarchy of integrable sys¬ 
tems. The statistical gauge held, after projection, still plays the crucial role dehning 
spectral characteristics of the system. The key point for the construction is the mapping 
to non-Abelian BE theory, which covers all the rich structure of integrable system 31-33 
The commutativity of spectral hows naturally provides the hierarchy of the gauge hxing 
constraints and the corresponding time hierarchy. We hope that our procedure could 
clarify some difficult questions of the diheomorphism invariance breaking in the theories 
like the gravity, and the time hierarchy creation with the physical degrees of freedom 
from the reparametrization invariance. 
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